ON SCATTERING CONSTANTS FOR A NON-CONGRUENCE SUBGROUP 



VINCENZ BUSCH, ULF KUHN, ANNA POSINGIES 



Abstract. Scattering constants are special values of Dirichlet series associated to non-holomorphic 
Eisenstein series. In this paper we give closed formulas for the scattering constants related to a 
non-congruence subgroup obtained via a Belyi map of an elliptic curve. 



Introduction 

Let r C 5*^2 (2) be a finite index subgroup. To every cusp Sj of F we can associate a non- 
holomorphic Eisenstein series Ej{z, s) and for two cusps Sj and Sk the scattering constant Cj^ is 
defined by the constant term of a Dirichlet series coming from the Fourier expansion of Ej{z, s) 
in the cusp Sk- 

Given an algebraic curve C and a Belyi map /3, i.e. a morphism /3 : C — > that is ramified in 
at most three points, for simplicity we assume that both are defined over Q, then there exists a 
subgroup r C r(2) such that C(C) = F \ H. The cusps of F correspond to the ramification points 
of (C, /3). Arakelov theory gives us an expression for the Neron Tate height (see theorem [2 .51 below 
for more details) 

htArT( ramification points ) = weighted sum of Cjk 's + algebraic term. 

Our main result concerns the elliptic curve E : = + 5x + 10 and the non-congruence subgroup 
Te for the Belyi map I3e : E ^ ¥^ given by f3E{x,y) = This curve is referred to as 

400H1 in Cremona's tables |Cr) . its Mordell Weil group has rank one and is generated by P = (1, 4). 
The zero element O and P as well as — P correspond to cusps of the group Te- 

Theorem: For the non- congruence subgroup Te as above the scattering constants Cq'^q, C^p'p O'l^d 
Cp^p are given by 

7^(^) - -(141og(2)-f 61og(5)) 

TT 

^(jFH) ^ 1 (-i3ilog(2) + 151og(5) - 60htArT(P)) 

TT 
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= (4^"^^'' + - (-71 log(2) + 60 ht wt(P)) 



where 

(0.1) C^^^^ = -- (12C'(-1) - 1 + log(47r)) 

IT 

is the unique scattering constant for the full modular group T(T). 

All other scattering constants for Te are Q-linear combinations of the four scattering constants 
given above. The coefficients depend on the ramification data coming from Pe- 
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Remark: Previous to these explicit expressions, nearly no formulas for scattering constants have 
been available. For Eisenstein series coming from certain congruence subgroups of SL2{1i) formulas 
for the scattering matrices are known ( {He) . [Huj ). Beside that, Venkov studied cycloidal groups 
[Vej . From these results scattering constants can be deduced. 



1. Eisenstein Series 

Let H = {z e C I Im(z) > 0} be the upper half plane and r(l) = PSL2{Z). Then r(l) acts on H 
by the Mobius transformation. These action can be extended to H = H U Q U co. Let T C r(l) 
be a finite index subgroup then Q = Q U cx) is divided into finitely many equivalence classes with 
respect to the action of F; the classes are called cusps of T. We will use the word cusp as well 
for a representative of a cusp. Let Sj € Q be a cusp and Tj its stabilizer in T. For Sj there is a 
7j € r(l) with 7j(oo) = Sj and a bj E N, such that 



^^7%^, ^iihl)) with a, = 7, . ^ . 



The number bj is called the width of the cusp Sj . 



Definition 1.1. Let T C r(l) be a finite index subgroup. For each cusp Sj there is a non- 
holomorphic Eisei 
convergent series 



holomorphic Eisenstein series Ej{z,s), which for z G H, s e C and Res > 1 is defined by the 



Properties: Let us recall some facts on the theory of Eisenstein series; the standard reference is 
[Kuj . The function Ej (z, s) has a meromorphic continuation to the s-plane, with a simple pole in 
3 = 1 with residue 3/(7r • [r(l) : T]). For all 7 G F we have Ej{j{z),s) = Ej{z,s). The Fourier 
expansion of Ej (z, s) at the cusp Sk is given by 

where z = x + iy and F(s) is the Gamma function. Furthermore we have 

(1-1) - 

^ ■> c>0 

and 

(1.2) r[,(c) = #{d mod6,c|3(n)G77'r7fe}. 

Then the scattering matrix 



is symmetric. Note that all the coefficients of the scattering matrix are Dirichlet series in a 
general sense. They have a meromorphic continuation with a simple pole in s = 1 of residue 
3/(^.[F(l):F]). 

Definition 1.2. For all pairs j,k we define the scattering constant Cjj, to be the constant term 
at 1 of the Dirichlet series ($r)j7;(s), i.e. 

(1.3) ,i„, Um,, - !Z(^M) 
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We will need the values of the scattering constants for r(l) and r(2). The group r(l) has one 
cusp, hence one scattering constant and it has already been introduced in IjO.ip . For the group 
r(2) there exist only two different scattering constants, although r(2) has three cusps. These 
constants are 

Cl^'^ = (36C'(-1) - 3 + 31og(47r) + 71og(2)) 
(1-4) = ic^'i' - -^log(2) 



6 3tt 
1 

3^ 



Cl^'^ = -4z (36C'(-1) - 3 + 31og(47r) + log(2)) 



(1.5) ^^^'^'-i^"^-^^)' 

where the first case is the one with Sj = Sk and in the second case we have Sj ^ Sk- For a 
calculation see e.g. |Poj . 



The scattering constants for a group can be constructed from the constants for a subgroup. Con- 
versely, the knowledge of scattering constants for a group gives us some information about sums 
of scattering constants for subgroups. Take the group r(2), then we get: 

Proposition 1.3. Let V he a finite index subgroup ofT{2), S^'"^^ and S'^/^'' two cusps ofT{2). 
Then 

(1-6) E 2 - - 2.[r(2) : r] ^ 2^°H~ 

where we sum over a system of representatives {Sf} of cusps of T such that Sf ~r,,) Sj^"^^ ana 
Sj^ is any cusp of T with S]: ^r(2) '^fc'*'^'' ■ "^^^ '^'^'^ denote the widths of the cusps. 

Proof: The formula is a consequence of the relation of Eisenstein series 

Im(z)" 



E E 



Im(z)* 

From the implied relation for the constant terms of the Fourier expansions we conclude the claim 
by a straight forward calculation. 

□ 

2. Belyi's Theorem, Neron Tate Heights and Arakelov Theory 
In 1979 G. Belyi proved in [Bej 

Theorem 2.1. Let C be a non-singular algebraic curve defined over a number field. Then there 
exists a finite morphism fi : C — > with at most the three critical values 0, 1, oo. 

This was the missing step for the following equivalences. 

Theorem 2.2. Let C be a non-singular algebraic curve over C. Then the following are equivalent 
(i) The curve C is defined over a number field. 
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(ii) There exists a finite morphism I3q : C — > with at most the three critical values 
0, 1, oo. 

(iii) There is a subgroup Tc C r(2) such that C(C) = Tc \ H. 

Proof: See e.g. [Bi], [Bo] or [Se]. □ 

Definition 2.3. A pair consisting of a curve and a map with the properties from (ii) is called 
Belyi pair. The map alone is a Belyi map. 

Some data from the Belyi pair have a direct counterpart in the group Tc- There is a 1-1 corre- 
spondence between the cusps of Tc and the ramification points of the Belyi pair. The widths of 
the cusps resemble the ramification orders. 

Definition 2.4. We will call the ramification points of a Belyi pair cusps. A divisor on C which 
has only support in the cusps of {C,(3(j) is called cuspidal divisor. 

Belyi pairs allow to formulate the following theorem concerning Neron Tate heights. 

Theorem 2.5. Let (3 : K ^ he a Belyi map for an algebraic curve C over Q with induced Belyi 
uniformization C(C) = Tc \ H. Let D — njSj and D' = nikSk be two cuspidal divisors of 
degree 0. Then the Neron Tate height pairing of D and D' is given by: 

(2.1) {D,D')^^ = - <5plog(p)-2^^n,™,Cj,^. 

p prim j.k 

The coefficients 6p are rational numbers, that are explicitly computable (see (|2.2p ) and is the 
scattering constant for the cusps Sj and Sk from Tc. 

Proof: See (Ku]. □ 

The above coefficients 5p, as we will explain now, are given via local intersection numbers. 

Let C/Q be an algebraic curve and C/Z be a proper regular model. Let Di, D2 S Div(C) be two 
prime divisors with no common components and 2: € Di n D2. Fix local parameters /i, /2 for Di 
and D2. We define the local intersection number at x to be 

1^1)1,-02) =iocJOc,,)/{fl J2). 

Further, we define the total local intersection number of Di and D2 at a prime p to be 

ip(Di,D2)= J2 *^(Di,D2)[fc^ : fcp]. 

a:eDinD2nCp 

For two divisors D = ^ "-jDj, D' — ^ nT-k'D'^ with no common components we define by linearity 

ip(D,D') = ^njTOfcip(Dj,Dfe). 

Now we are looking at the different fibers of the scheme C/Z at once. 

Definition 2.6. For two divisors D, D' G Div(C) with no common component we define the 
intersection number at the finite places by 

P 

From now on D denotes the Zariski closure of a divisor D on C. The group of divisors on C with 
de gree zero will be denoted by Divo(C) and Divp(C) is the set of all divisors supported on Cp, here 
Cp = C X kp {kp — Z/pZ) denotes the special fiber of C at the place p. 
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Lemma 2.7. There exists a unique linear map 

$p : Divo(C) ^ Q ® Divp(C)/(Q ® Cp), 
such that for all D £ Divo(C) the divisor D+ ^p{D) is orthogonal to Divp(C). 

Proof: See e.g. |Hrj . □ 

The correction divisor $ for D e Divo(C) is defined by 

p 

Definition 2.8. We define for two divisors D,D' G Divo(C) with no common components 

iD,D')f,n = D' + $(i^'))/m. 

From the definitions we see 

(2.2) p,Z?')/m-E'^plog(^')- 

p 

These 5p are exactly the Sp of theorem 12. 5^ whenever D and D' have no common components. 
Since the Neron Tate height pairing vanishes on divisors of rational functions, we may reduce the 
general case to the the above situation by replacing D' with D' + div(/) for an suitable rational 
function / on C. 

Remark 2.9. As a consequence of the functoriality of the intersection number at the finite places 
w.r.t. pull-back morphisms (see [Laj^, the quantity {D,D')fin does not depend on the particular 
chosen regular model. 

3. An elliptic Belyi pair and its scattering constants 

Now, we will focus on one particular Belyi pair considered by Elkies in |E11) . 
Proposition 3.1. The elliptic curve 

(3.1) E -.y^ = x^ + 5X + 10 
together with the map 

(3.2) 13: E — > 
form a Belyi pair. 

Proof: Regard the map (x, y) ^ 5). It is easy to check, that the critical values are {oo, ±16}. 
The map l|3.2p above normalizes the critical values to 0, 1 and oo. □ 



Proposition 3.2. The Mordell Weil group E{Q) of the elliptic curve defined via p.ip is of rank 
one with trivial torsion. The point Si ~ (1,4) generates E{Q). The group Te associated with the 
Belyi pair (EjfS^) is a non- congruence subgroup. 



Proof: For the rank, torsion, and the generator look at Cremona's tables in |Cr) . The curve is 
listed under 400H1. The point Si generates an infinite group. Hence, the cuspidal divisor Si — O 
is not torsion in the Picard group. The theorem of Manin and Drinfeld |Dr) . [Maj (see also |E12j ) 
then shows that F^; is non-congruence. □ 
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Remark 3.3. It was shown in [Poj that Te = (p^^(5to6sg (5)) with ip : T{2) S5 given by the 
images of the generators ofT{2): (^(70) = (1235) and (^9(71) = (1234). But such a description of 
r E is not needed to achieve the results of this paper. 

The ramification points, i.e. the cusps of the Belyi pair, are 

So = 

(3.3) Si = (1,4), S2 = -45i = (6, -16), 

5*3 = -Si = (1, -4), and S4, = 4S'i = (6, 16), 

where O corresponds to the point 00; it is the neutral element of E{Q). The point 6*0 lies above 
00, and 5*2 above and 5*3 as well as S4 above 1. The notation Si with i G {0, . . . ,4} will be 
used for the divisors of the cusps in Div(i?) and also for the corresponding cusps of the group Te- 

The scattering constants Cj^f will be determined below via an application of theorem 12.51 on the 
curve E defined via l|3.ip together with the additional relations coming from proposition 11.31 

In particular, we need certain intersection numbers at the finite places, these will be determined 
in section |4] using an appropriate model. 

4. Calculation of some coefficients Sp for E 

The elliptic curve E defined via p.l|) has a minimal proper regular model over Z. We denote the 
Zariski closure of Sj on the model with Sj . 

Theorem 4.1. An illustration of the model and the behavior of the divisors associated to the 
points from (|3.3p can be seen in figure [H 




(0) (2) (3) (5) (p) 

Figure 1. The associated divisors on the minimal proper regular model of the 
curve 400H1 

The model fulfills the following properties: 

(i) All special fibers of E consist of one irreducible component except the fiber above (2). 

(ii) The fiber above (2) consists of eight irreducible components with the following multiplicities 

f 2 = Ci + C2 + 2C3 + 2C4 + 2C5 + 2C6 + C7 + Cg 

and the intersection matrix of the fiber over (2) is given by table\^ 

(iii) There are only three points on the model where two of the divisors Sq, . . . Sa intersect. 
We denote these points by 

xi2 = 5i n 52 X34 = 53 n 54 a;24 = 52 n Sa. 
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Table 1. Intersection matrix for £2 



(iv) The divisors Sq, . . . S4 only intersect with one component of the special fiber above (2) 
and these intersection numbers are 

iSo,Ci)fin = {Si,C-j)fin = {S2,Ci)fin = (-S'sjCg)/™ = (iS4,Ci)/i„ = 1 

while all other intersection numbers vanish. 

Proof: The Tate algorithm provides an exphcit method to obtain the model and its properties 
(i), (m). Keeping track of the points Sj and their induced divisors Sj in all steps of these calcula- 
tions gives (Hi) and (iv); a detailed calculation is in |Bu| . □ 

Now, we need to calculate two more ingredients to determine the possible iJp's for E: the local 
intersection numbers and the correction divisors. 

Local intersection numbers: We will denote the local intersection number at xjk with rrijk. 
Explicit calculations show, see e.g. |Bu) . p. 79, that the local ring at the point X24: is given by 

0£,x2i = ^x, y]/{y^ -x^ -5x- lQ)({2.x,y)) 

and the local equations of S2 and S4 are /2 = y — 16 and f^ = y + 16. 

Thus, the module Os^x24,/{f2, fi) is given by 

0£,x2j{f2ji) = inx. y]/iy^ ~x^-5x- 10)((2,,,^)))/(y - 16, y + 16) 
= y]/{y^ ~x^ -'5x~lQ,y- 16, y + 16):^(2,x,y)) 
= Z[x]/(-a;3- 5x + 246,32)((2,,)) 
= Z/(32)((2)). 

The intersection number is therefore given by 

m24 = tx2AS2,Si) = eoe..2,0£,x2j{f2j4) = eae,.2,^/m = 5. 

Similar calculations for the other two points give 

mi2 = m34 = 1. 

Correction divisors: We will work with cuspidal divisors that are the difference of two cusps 
and we define Djk — Sj — Sk, with j,k S {0, . . .4}. The Zariski closure of Djk will be denoted 
with Hjk- Next we will calculate the divisors = ^{Djk) with j, fc G {0, . . . ,4}. 

In our example we have ^jk G Div(2)(f ), because the Djk are already orthogonal to all the other 
fibers. Writing ^jk as a linear combination of the components of the fiber above (2) 

$-,fc = niCi + n2C2 + JisCa + n^C^ + risCs + JieCe + + ngCs, 
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with Ui e Q and solving the equations 

(4.1) (Djfc + <^>JkA)f^n =0, 1 < / < 8 

we get representatives for the coefficients n^'s; observe ^jk is defined modulo £2- 
For $14 we calculate for instance 



1 



C7. 



Now we can calculate all the local intersection numbers that define the coefficients Sp. Again, we 
will only calculate (I?i4, D32) fin as an example, since all other intersection numbers are calculated 
in a similar way. 

(I?14, 0^2) fin =(Dl4 + $14, D32)/m 

= (Si-S4 + $14,S3-S2)/.,„ 

= (Sl, S^)fin — (Si, ^2) fin — (S4, S^)fin 

+ (S4, S2)/,;,i + ($14, ^z)fin — ($14, ^2) fin 

=0 - TO12 log(5) + TO34 log(5) 

+ 77124 log(2) + + ^(Ci, D2) /„ log(2) 
=0 - log(5) - log(5) + 5 log(2) + + J log(2) 
= -log(2)-21og(5) 

We can collect the intersection data into the following 

Theorem 4.2. Let Dij ~ Si — Sj and Dki = Sk — Si be two cuspidal divisors on {E,f3^) with no 
common component. We write {Dij, Dm) fin = X)p pHm^p^'^^^P) ■ Then only the Sp for p e {2,5} 
be different from zero and they are given by the table 





Dki 


52 


-^5 


Si — S4 


S3 — S2 


6,25 


-2 


Si — S3 


S4 — S2 





-2 


Si — S2 


S3 — S4 


6,25 





Si — >S'4 


S3 ^ So 


1,25 


-1 


Si ~ S3 


S4 — So 





-1 


Si — Sq 


S3 — S4 


1,25 





Si ~ 5*4 


So — S2 


5 


-1 


Si — S2 


So — S4 


5 






Proof: The necessary calculations to achieve the table have been explained above; a detailed 
calculation is in IBul. □ 



Remark 4.3. The information from the table in theorem \4-2\ alone will never be sufficient to 
calculate values of scattering constants, since the the value of the formula in theorem \2.5\ stays 
unchanged when the scattering constants differ by a constant term: Take for example Dij = Si — Sj 
and Dki = Sk — Si then on the left hand side of theorem \2.5\ we get the sum Cik — Cn — Cjk + Cji 
which would equal {Cik + c) — {Cu + c) — {Cjk + c) + {Cji + c). 

Remark 4.4. Most of the calculations in this chapter can be done algorithmically, a detailed 
description of such a refined version of Tate's algorithm can be found in |Bu2) . 
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5. Linear relations for cJ^ 

We will use the properties of scattering constants introduced in chapter [1] to find identities of 
and linear dependencies between the scattering constants of the pair {E,l3^) to fix the constant 
mentioned in remark 14731 

Proposition 5.1. For the group Te associated with the Belyi pair {E,/3e) it suffices to know 
the scattering constants C14, C34, C12 and C^'-^^ Then all scattering constants are known and we 
have the list: 



Coo = ^ fc^d) - - (141og(2) + 61og(5)) 
Coi = ^ (c^d) - i (81og(2) + 31og(5)) 
C02 = ^ (^C^*'' - I (21og(2) + 31og(5))) 
i_(^Cr(i)_i(81og(2) + 31og(5))') 



03 



^04 = :^fc^'^*''--(21og(2) + 31og(5)) 

30 \ TT 



2 



c 



14 



C22 = -C^d^-— l0g(2)-4Ci2 
6 IStt 

C24 = ^Ci^^^)--^log(2)-4Ci4 
C34 

1 47 

C44 = TCl^^^)--7^l0g(2)-4C34 
lOTT 

Proof: First of all, remember, that the scattering matrix is symmetric, i.e. for any two cusps S 
and 5" we have Css' = Cs'S- Hence, in the list above really all scattering constants occur. 

Secondly, we apply proposition 11.31 Since the point So is totally ramified the sum in formula 
(|1.6p for Sj — So is only to be taken over one single element. When we now differ 5*^ over all the 
cusps, we get the first 5 rows of the list above. For that we have to realize that the cusps have the 
following widths 

60 - 10, bi ==8, 62 - 2, 63 - 8, 64 = 2. 

The widths are always two times the ramification index, since the widths of all the cusps of r(2) 
are two. 



Now we apply proposition [L3] again but in the cases not involving So- Then we get 

4Cn+Ci2 = ^Ci^(^)-^log(2) 

D lOTT 
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4C33- 


^C34 = 


l^r(i) 
6 


62 

^ 15^ 


log(2) 


4Ci3- 


^Ci4 = 


l^r(i) 
6 


32 

^ 15^ 


log(2) 


4Ci3- 


FC23 = 


6 


32 

^ 15^ 


log(2) 


4C41- 


I- C42 = 


l^r(i) 
6 


17 

^ 15^ 


log(2) 


4C23- 


I- C24 = 


l^r(i) 
6 


17 

^ 15^ 


log(2) 


4C43- 


\- C44 = 


1 

l^r(i) 
6 


^ 15^ 


log(2) 


4Ci2- 


^C22 = 


l^r(i) 
6 


47 

^ 15^ 


log(2) 



This follows directly with the widths from above and the fact that cusps are equivalent under r(2) 
if and only if they have the same image under /3^. 

From this identities the list in the proposition follows. □ 
Theorem 14.21 mav now be used to calculate the missing scattering constants. 



6. Proof of the main result 

We observe, that on an elliptic curve C the Neron Tate pairing on Divo(C) is compatible with the 
Neron Tate pairing on the Mordell Weil group, i.e. for S, S' g C(Q) 

{S — O, S — O) j^rp = {S, S )jYy . 

In particular, if C{Q) is generated by one point P then the values of all Neron Tate pairings in 
C(Q) are multiples of the Neron Tate height of the generator ht]yT{P)- Thus, by bilinearity and 
insertion of O, for D, D' £ Divo(C(Q)) there is a n € Z such that 



{D,D')j^P = n-htNTiP). 
We can use this fact to simplify the left hand side of equation l|2.ip in theorem 12.51 

For the elliptic curve E considered in this text we have in the Mordell Weil group S2 = —45*1, 
S3 = —Si, S'4 = 45*1 and Sq = O (one can use e.g. the computer algebra system pari to calculate 
multiples of S*! ) . Thus we get 

(5*1 — 5*2, S'o — 54) = {Si, So) — (-S*!, S^j^rj. — {S2, S'o)^^ + (5*2, S'4) jvt 

= - 4htArT(S'l) - - 16htNT{Sl) 

(6.1) =-20htjvT(Si). 

Theorem 6.1. For the group Te associated with {E,(3e) we have 

Ci4 - ^ fc^'^^ + - (71og(2) - 60ht,vT(Si))) 
C21 = ^ fc^^i) + - (71og(2) - 151og(5) + 60htjvT(Si)) 

30 \ TT 

C34 = 4t f^"^''^ + - (71og(2) - 151og(5) + 60htjvT(Si)) 

OO \ TT 

and Si = (1,4) is, like before, the generator of the Mordell Weil group 
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Proof: We insert information from theorem 14.21 into theorem 12.51 If we use the last row from the 
table in theorem formula 112.11) becomes 



(6.2) {S, ~ ^2, ^0 - S4)j^T = -5 log(2) - 27r (Coi - Cu - C02 + C42) • 

With the list from proposition 15.11 we simplify the sum of scattering constants to 



(6.3) 27r (Coi - Ci4 - C02 + C24) = |c^'i' - - log(2) - lO^C^. 

As seen in (|6.ip the right hand side of equation (|6.2p becomes — 20 htjvT('5'i). Hence, the first 
scattering constant is given by 

(6.4) Ci4 = ^ (c^^^^ + ^ (71og(2) - 60htjvT(5i))^ . 

For the last scattering constants, we repeat the calculation above with taking the second to last 
and the fifth row (respectively) from the table in theorem 14.21 and the result for C14 into account 
and conclude the constants to be 

(6.5) C12 = C34 = 4t (^^^'^ + - (71og(2) - 151og(5) + 60htjvT(5i)) 

□ 

If we insert these results into the formulas of proposition 15 . II we get a description of the scattering 
constants for Te in C'"'-^', the log's of 2 and 5 and htNT{Si)- 

Remark 6.2. Good numerical approximations exist for the Neron Tate height. By means of the 
computer algebra system pari we obtain 

htArT(^i) w 0.1283750629460508690621759. 

This leads to the following numerical approximations of scattering constants for Ve'- 



Cqo s 


i -0.176518865559 


Coi s 


i -0.0811617456560 


C02 " 


s -0.0370346256255 


Co3 S 


i -0.0811617456560 


Co4 " 


i -0.0370346256255 




i -0.168350141906 


C12 " 


s -0.0940378417200 




i -0.0812067899954 


Ci4 S 


i -0.00134004905741 


^22 R 


i -0.170651442311 


C23 ^ 


i -0.00134004905741 


C24 R 


i -0.100171412657 


C33 ^ 


i -0.168350141906 


C34 R 


i -0.0940378417200 


C44 s 


i -0.170651442311 
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